The image of the complement of a hyperplane arrangement under a monomial map can be tropicalized combinatorially using matroid theory. We apply this to classical moduli spaces that are associated with complex reflection arrangements. Starting from modular curves, we visit the Segre cubic, the Igusa quartic, and moduli of marked del Pezzo surfaces of degrees 2 and 3. Our primary example is the Burkhardt quartic, whose tropicalization is a 3-dimensional fan in 39-dimensional space. This effectuates a synthesis of concrete and abstract approaches to tropical moduli of genus 2 curves.
The base of this family is P 1 with coordinates (a 1 : a 2 ). The tropical surface trop(A(5)) is a fan in TP 1 × TP 4 , which is combinatorially the Petersen graph in Figure 1 . The central fiber, over the vertex of TP 1 given by val(a 1 ) = val(a 2 ), is the 1-dimensional fan with rays e 0 , e 1 , e 2 , e 3 , e 4 . These correspond to the edges 34-25, 12-35, 45-13, 23-14, 15-24 . For val(a 1 )<val(a 2 ), the fiber is given by the pentagon 12-34-15-23-45-12 with these rays attached. For val(a 1 )>val(a 2 ), it is the pentagram 35-14-25-13-24-35 with the five rays. Each of the edges has multiplicity 5. The map from trop(A(5)) onto TP 1 is visualized in Figure 2 . 
whose 12 zeros represent Klein's icosahedron. The modular curve X(5) is P 1 minus these 12 points. For each (a 1 : a 2 ) ∈ X(5), the condition (1.1) defines an elliptic normal curve in P 4 .
Throughout this paper we work over an algebraically closed field K of characteristic 0. Our notation and conventions regarding tropical geometry follow [39] . For simplicity of exposition, we identify the tropical projective space TP
n with its open part R n+1 /R(1, 1, . . . , 1). The adjective "classical" in our title has two meanings. Classical as opposed to tropical refers to moduli spaces that are defined over fields, the usual setting of algebraic geometry. The foundations for tropicalizing such schemes and stacks are currently being developed, notably in the work of Abramovich et al. [3] and Baker et al. [7] (see [2] for a survey). These rest on the connection to nonarchimedean geometry. Classical as opposed to modern refers to moduli spaces that were known in the 19th century. We focus here on the varieties featured in Hunt's book [36] , notably the Segre cubic, the Igusa quartic, the Burkhardt quartic, and their universal families. We shall also revisit the work on tropical del Pezzo surfaces by Hacking et al. in [33] and explain how this relates to the tropical Göpel variety of [44, §9] .
Each of our moduli spaces admits a high-dimensional symmetric embedding of the form
3)
The coordinates of the first map are the linear forms defining the m+1 hyperplanes in a complex reflection arrangement H in P d , while the coordinates of the second map are monomials that encode the symplectic geometry of a finite vector space. The relevant combinatorics rests on the representation theory developed in [29, 30] . Each of our moduli spaces is written as the image of a map (1.3) whose coordinates are monomials in linear forms, and hence the formula in [20, Theorem 3 .1] expresses its tropicalization using the matroid structure of H.
Our warm-up example, the modular curve X(5), fits the pattern (1.3) for d = 1, m = 11 and n = 5. Its arrangement H ⊂ P 1 is the set of 12 zeros of (1.2), but now identified with the complex reflection arrangement G 16 as in [29, §2.2] . If we factor (1.2) into six quadrics,
where γ is a primitive fifth root of unity, then these define the coordinates of P 11 monomial P 5 . The image is a quadric in a plane in P 5 , and X(5) is now its intersection with the torus G 5 m . The symmetry group G 16 acts on P 5 by permuting the six homogeneous coordinates. The tropical modular curve trop(X(5)) is the standard one-dimensional fan in TP 5 , with multiplicity five and pentagonal fibers as above. But now the full symmetry group acts on the surface A(5) ⊂ P 5 × P 4 and the corresponding tropical surface by permuting coordinates.
We next discuss the organization of this paper. In Section 2 we study the Segre cubic and the Igusa quartic, in their symmetric embeddings into P 14 and P 9 , respectively. We show that the corresponding tropical variety is the space of phylogenetic trees on six taxa, and we determine the universal family of tropical Kummer surfaces over that base. In Section 3 we study the Burkhardt quartic in its symmetric embedding in P 39 , and, over that base, we compute the universal family of abelian surfaces in P 8 along with their associated tricanonical curves of genus 2. In Section 4 we compute the Bergman fan of the complex reflection arrangement G 32 and from this we derive the tropical Burkhardt quartic in TP 39 . The corresponding tropical compactification is shown to coincide with the Igusa desingularization of the Baily-Borel-Satake compactification of A 2 (3). In Section 5 we relate our findings to the abstract tropical moduli spaces of [11, 15] . Figure 3 depicts the resulting correspondence between trees on six taxa, metric graphs of genus 2, and cones in the tropical Burkhardt quartic. In Section 6 we study the reflection arrangements of types E 6 and E 7 , and we show how they lead to the tropical moduli spaces of marked del Pezzo surfaces constructed by Hacking, Keel and Tevelev [33] . For E 7 we recover the tropical Göpel variety of [44, §9] . This is a six-dimensional fan which serves as the universal family of tropical cubic surfaces.
Segre Cubic, Igusa Quartic, and Kummer Surfaces
The moduli spaces in this section are based on the hyperplane arrangement in P 4 associated with the reflection representation of the symmetric group Σ 6 . It consists of the 15 hyperplanes
(1 ≤ i < j ≤ 6). → P 14 whose image is the 4-dimensional subspace Cyc 4 of P 14 that is defined by the linear equations z ij − z ik + z jk = 0 for 1 ≤ i < j < k ≤ 6. The corresponding tropical linear space trop(Cyc 4 ), with the coarsest fan structure, is isomorphic to both the moduli space of equidistant (rooted) phylogenetic trees with 6 vertices and the moduli space of (unrooted) phylogenetic trees with 7 vertices. The former was studied by Ardila and Klivans in [4, §4] . They develop the correspondence between ultrametrics and equidistant phylogenetic trees in [4, Theorem 3] . The latter is a tropicalization of the Grassmannian Gr(2, 7) as described in [48, §4] . From the combinatorial description given there one derives the face numbers below: Lemma 2.1. The tropical linear space trop(Cyc 4 ) is the space of ultrametrics on 6 elements, or, equivalently, the space of equidistant phylogenetic trees on 6 taxa. It is a fan over a threedimensional simplicial complex with 56 vertices, 490 edges, 1260 triangles and 945 tetrahedra.
We now define our two modular threefolds by way of a monomial map from P 14 to another space P n . The homogeneous coordinates on that P n will be denoted m 0 , m 1 , . . . , m n , so as to highlight that they can be identified with certain modular forms, known as theta constants.
The Segre cubic S is the closure of the image of Cyc 4 under P The prime ideal of I is generated by the five linear forms in the column vector
together with any of the 4 × 4-minors of the symmetric 5 × 5-matrix in (2.3). The linear forms (2.3) come from Plücker relations of degree (1, 1, 1, 1, 1, 1) on Gr (3, 6) . We note that m 0 , . . . , m 9 can be written in terms of theta functions by Thomae's theorem [22, §VIII.5] .
To see that this is the usual Igusa quartic, one can calculate the projective dual of the quartic hypersurface we have just described and verify that it is a cubic hypersurface whose singular locus consists of 10 nodes. The Segre cubic is the unique cubic in P 4 with 10 nodes. A key ingredient in the study of modular varieties is the symplectic combinatorics of finite vector spaces. Here we consider the binary space F 4 2 with the symplectic form x, y = x 1 y 3 + x 2 y 4 − x 3 y 1 − x 4 y 2 .
(2.4)
We fix the following bijection between the 15 hyperplanes (2.1) and the vectors in F This bijection has the property that two vectors in F 2 \{0} and we write it as a cubic monomial z ij z k z mn . Under this identification, the parametrization (2.2) of the Segre cubic S is given by the 15 isotropic planes L, while that of the Igusa quartic I is given by the 10 pairs L · L ⊥ of non-isotropic planes in F   4 2 . The symplectic group Sp 4 (F 2 ) consists of all linear automorphisms of F 4 2 that preserve the symplectic form (2.4). As an abstract group it is isomorphic to the symmetric group on six letters:
This group isomorphism is made explicit by the bijection (2.5). Let M 2 (2) denote the moduli space of smooth curves of genus 2 with a level 2 structure. In light of the isomorphism (2.6), a level 2 structure on a genus 2 curve C is an ordering of its six Weierstrass points, and this corresponds to the choice of six labeled points on the projective line P Proposition 2.2. We have the following identification of three-dimensional moduli spaces:
Proof. We already argued the last equation. The embedding of the P 4 with coordinates (r : s 01 : s 10 : s 11 : t) into our P 14 can be written as
This does not pick out an Σ 6 -equivariant embedding of the space spanned by the r, s ij in the permutation representation of the m i , but it has the advantage of giving short expressions. Fixing Schrödinger coordinates (x 00 : x 01 : x 10 : x 11 ) on P 3 , the Kummer surface is now given by r(x We now come to the tropicalization of our three-dimensional moduli spaces. We write e 12 , e 13 , . . . , e 56 for the unit vectors in TP 14 = R 15 /R(1, 1, . . . , 1). These correspond to our coordinates z 12 , z 13 , . . . , z 56 on the P 14 which contains Cyc 4 P 4 . The 56 rays of the Bergman fan trop(Cyc 4 ) are indexed by proper subsets σ {1, 2, 3, 4, 5, 6} with |σ| ≥ 2. They are
Cones in trop(Cyc 4 ) are spanned by collections of E σ whose indices σ are nested or disjoint. To analyze the combinatorics of this common image fan, we set E σ to be the zero vector when σ = {i} is a singleton. With this convention, we have
for all proper subsets σ of {1, 2, . . . , 6}. We conclude that the 56 = 15 + 20 + 15 + 6 rays of the Bergman fan trop(Cyc 4 ) get mapped to 25 = 15 + 10 distinct rays in the image fan.
The cones in trop(Cyc 4 ) correspond to equidistant trees, that is, rooted metric trees on six taxa. Combinatorially, our map corresponds to removing the root from the tree, so the cones in the image fan correspond to unrooted metric trees on six taxa. Specifically, each of the 945 maximal cones of trop(Cyc 4 ) either has one ray E {i,j,k, ,m} that gets mapped to zero, or it has two rays E σ and E σ c that become identified. Therefore its image is threedimensional. Our map takes the 945 simplicial cones of dimension 4 in trop(Cyc 4 ) onto the 105 simplicial cones of dimension 3, one for each unrooted tree. The fibers involve precisely nine cones because each trivalent tree on six taxa has nine edges, each a potential root location. Combinatorially, nine rooted trivalent trees map to the same unrooted tree.
It remains to analyze the multiplicity of each maximal cone in the image. The 105 maximal cones in trop(S) all have multiplicity one, while the corresponding cones in trop(I) have multiplicity two. We first found this by a direct calculation using the software gfan [37] , starting from the homogeneous ideals of S and I described above. It can also be seen by examining the images of the rays E τ under each matrix A • modulo the line spanned by the vector (1, 1, . . . , 1) . Each of the 15 vectors A igusa E ij is the sum of four unit vectors in TP 9 , while the 10 vectors A igusa E ijk are the ten unit vectors multiplied by the factor 2.
We next discuss the tropicalization of the universal family of Kummer surfaces over S • . This is the hypersurface in S
• × P 3 defined by the equation (2.10). The tropicalization of this hypersurface is a five-dimensional fan whose fibers over the tree space trop(S) are the tropical Kummer surfaces in TP 3 . We computed this fan from the equations using gfan [37] . Figure 3 shows the tropicalization of a Kummer surface over a snowflake tree (Type (7) in Table 3 ). It consists of 30 two-dimensional polyhedra, 24 unbounded and 6 bounded. The latter 6 form the facets of a parallelepiped. Table 3 ). It consists of 33 two-dimensional polyhedra, 24 bounded and 9 bounded. The latter 9 polygons form a subdivision of a flat octagon. These two pictures were drawn using polymake [28] .
On each Kummer surface we could now identify a tree that represents the bicanonical image of the associated genus 2 curve. Classically, one obtains a double quadric with six distinguished points by intersecting with any of the planes in the 16 6 configuration [44, (1.2)].
The tropical variety described in Theorem 2.4 defines the tropical compactification S of the Segre cubic S. By definition, the threefold S is the closure of S
• in the toric variety determined by the given fan structure on trop(S). For details, see Tevelev's article [50] .
This tropical compactification of our moduli space (2.7) is intrinsic. To see this, we recall that the intrinsic torus of a very affine variety X ⊂ G n m is the torus whose character lattice is the finitely generated multiplicative free abelian group K[X]
* /K * . The following lemma can be used to find the intrinsic torus for each of the very affine varieties in this paper.
Lemma 2.6. Let m : T 1 → T 2 be a monomial map of tori and U ⊂ T 1 a subvariety embedded in its intrinsic torus. Then m(U ) ⊂ m(T 1 ) is the embedding of m(U ) in its intrinsic torus.
. By assumption, the pullback m * (y i ) is a monomial in the x j , which we call z i . We have an injection of rings m
, and hence we get an induced injection of groups
] is generated by the y i , we conclude that
The embedding of the Segre cubic S into the 9-dimensional toric variety given by (2.2) satisfies the hypotheses of Lemma 2.6. Indeed, S
• is the image of the complement of a hyperplane arrangement under a monomial map, and, by [50, §4] , the intrinsic torus of an essential arrangement of n hyperplanes in P r is G n−1 m . The same argument works for all moduli spaces studied in this paper. That the ambient torus G 9 m is intrinsic for the open Segre cubic S
• can also be seen from the fact that the 15 boundary divisors S ∩ {m i = 0} are irreducible. Indeed, by [36, §3.2.1], they are projective planes P 2 . Each of the ten singular points of S lies on six of these planes, so each boundary plane contains four singular points.
From the combinatorial description above we infer the following summary of the situation. The second sentence is Theorem 3.3.11 in Hunt's book [36] . The first is a special case of [33, Theorem 1.11]. Our rationale for giving a detailed equational derivation of the familiar manifold M 0,6 is that it sets the stage for our primary example in the next section.
Burkhardt Quartic and Abelian Surfaces
The Burkhardt quartic is a rational quartic threefold in P 4 . It can be characterized as the unique quartic hypersurface in P 4 with the maximal number 45 of nodal singular points [19] . It compactifies the moduli space M 2 (3) of genus 2 curves with level 3 structure [21, 27, 29, 36] . We identify M 2 (3) with a subvariety of A 2 (3), the moduli space of principally polarized abelian surfaces with level 3 structure, by sending a smooth curve to its Jacobian.
All constructions in this section can be carried out over any field K of characteristic other than 2 or 3, provided K contains a primitive third root of unity ω. In the tropical context, K will be a field with a valuation. For details on arithmetic issues see Elkies' paper [23] .
We realize the Burkhardt quartic as the image of a rational map that is given as a composition P . Each line is given by the vector whose leftmost nonzero coordinate is 1. The linear map P 3 → P 39 is defined as follows, where ω =
is a third root of unity:
These 40 linear forms cut out the hyperplanes of the complex reflection arrangement G 32 . We refer to the book by Hunt [36, §5] for a discussion of this arrangement and its importance for modular Siegel threefolds. Our first map P 3 → P 39 realizes the arrangement G 32 as the restriction of the 40 coordinate planes in P 39 to a certain 3-dimensional linear subspace. The monomial map P
39

P
39 is defined outside the hyperplane arrangement { u ijk = 0} which corresponds to G 32 . It is given by the following 40 monomials of degree four: , with respect to the symplectic inner product (2.4). The linear inclusion P 3 → P 39 has the property that two linearly independent vectors x, y in F 4 3 satisfy x, y = 0 if and only if the corresponding linear forms u x and u y are perpendicular in the root system G 32 , using the usual Hermitian inner product (when considered over C).
Let B denote the Burkhardt quartic in P 39 , that is, the closure of the image of the map above. Its homogeneous prime ideal I B is minimally generated by one quartic and a 35-dimensional space of linear forms in K[m 0 , m 1 , . . . , m 39 ]. That space has a natural generating set consisting of 160 = 4 · 40 linear trinomials. Namely, the four coordinates m • that share a common parameter u ijk span a two-dimensional space modulo I B . For instance, the first four coordinates share the parameter u 0001 , and they satisfy the following linear trinomials:
These relations are constructed as follows: Each of the 40 roots u ijk appears as a factor in precisely four of the coordinates m • , and these four span a two-dimensional space over K. The 160 linear trinomials (3.1) cut out a 4-dimensional linear subspace of P 39 . We fix the following system of coordinates, analogous to (2.9), on that linear subspace P 4 of P 39 : Each of these quintic binomials factors on P 4 as the Burkhardt quartic (3.5) times a linear form, and these five linear forms generate the irrelevant maximal ideal r, s 01 , s 10 , s 11 , s 12 .
We next explain the connection to abelian surfaces. Consider the open Burkhardt quartic
In its modular interpretation ( [27] , [29 Our abelian surface is the singular locus of the Coble cubic {C = 0} in P 8 , which is given by C = rf + s 01 g 01 + s 10 g 10 + s 11 g 11 + s 12 g 12 .
Theorem 3.2. The singular locus of the Coble cubic of any point in B
• is an abelian surface S of degree 18 in P 8 . This equips S with an indecomposable polarization of type (3, 3) . The prime ideal of S is minimally generated by 9 quadrics and 3 cubics. The theta divisor on S is a tricanonical curve of genus 2, and this is obtained by intersecting S with the P 4 defined by Proof. The first statement is classical (see [8, §10.7] ). We shall explain it below using theta functions. The fact about ideal generators is due to Gunji [31, Theorem 8.3] . The representation (3.6) of the curve whose Jacobian is S is derived from [29, Theorem 3.14(d)].
We now discuss the complex analytic view of our story. Recall (e.g. from [8, §8.1]) that a principally polarized abelian surface over C is given analytically as
, where τ is a complex symmetric 2 × 2-matrix whose imaginary part is positive definite. The set of such matrices is the Siegel upper half space H 2 . Fix the 4 × 4 matrix
Let Sp 4 (Z) be the group of 4 × 4 integer-valued matrices γ such that γJγ 
Here θ is the classical Riemann theta function. For a fixed matrix τ ∈ H 2 , the nine third-order theta functions on C 2 give precisely our embedding of the abelian surface S τ into P 8 :
Adopting the notation in [44, §2] , for any (j, k) ∈ {0, 1, 2}
2 , we abbreviate
The nine theta constants u jk satisfy u 01 = u 02 , u 10 = u 20 , u 11 = u 22 , and u 12 = u 21 . For that reason, we need only five theta constants u 00 , u 01 , u 10 , u 11 , u 12 , which we take as homogeneous coordinates on P 4 . These five coordinates satisfy one homogeneous equation: 
Proof. This determinant appears in [21, (10) At this point, we have left the complex analytic world and we are back over a more general field K. The natural map H B is 10-to-1 and it is given explicitly by 4 × 4-minors of U .
Corollary 3.4. Over the Hessian H of the Burkhardt quartic, the Coble cubic is written as
u 00 u 01 u 11 u 12 u 10 u 12 u 10 u 11 u
u 10 u 11 u 01 u 11 u 01 u 10 u 00 u 12
(3.8)
For K = C, this expresses r, s 01 , s 10 , s 11 , s 12 as modular forms in terms of theta constants.
We note that the 10-to-1 map H B is analogous to the 64-to-1 map in [44, (7.1)] from the Satake hypersurface onto the Göpel variety. The formula for the Coble cubic in Corollary 3.4 is analogous to the expression for the Coble quartic in [44, Theorem 7.1] .
In this section we have now introduced four variants of a universal abelian surface. Each of these is a five-dimensional projective variety. Our universal abelian surfaces reside (a) in
with coordinates (u, x). A natural commutative algebra problem is to identify explicit minimal generators for the bihomogeneous prime ideals of each of these universal abelian surfaces.
For instance, consider case (d). The ideal contains the polynomial det(U ) of bidegree (10, 0) and eight polynomials of bidegree (8, 2) , namely the partial derivatives of C with respect to the x ij . However, these nine do not suffice. For instance, we have ten linearly independent ideal generators of bidegree (3, 3) , namely the 2 × 2-minors of the 2 × 5-matrix
.
These equations have been verified numerically using Sage [49] . For a fixed general point u ∈ S, these 2 × 2-minors give Gunji's three cubics that were mentioned in Theorem 3.2.
For the case (a) here is a concrete conjecture concerning the desired prime ideal.
Conjecture 3.5. The prime ideal of the universal abelian surface in P 3 × P 8 is minimally generated by 93 polynomials, namely 9 polynomials of bidegree (4, 2) and 84 of bidegree (3, 3) . 
This skew-symmetric 9 × 9-matrix was derived by Gruson and Sam [29, §3.2] , building on the construction in [30] , and it is analogous to the elliptic normal curve in (1.1). The nine principal 8 × 8-subpfaffians of (3.9) are x 00 C, x 01 C, . . . , x 22 C, where C is the Coble quartic, now regarded as a polynomial in (c, x) of bidegree (4, 3). Conjecture 3.5 is analogous to [44, Conjecture 8.1] . The nine polynomials of bidegree (4, 2) are ∂C/∂x 00 , ∂C/∂x 01 , . . . , ∂C/∂x 22 .
In the remainder of this section we recall the symmetry groups that act on our varieties. First there is the complex reflection group denoted by G 32 in the classification of Shephard and Todd [47] . The group G 32 is a subgroup of order 155520 in GL 4 (K). Precisely 80 of its elements are complex reflections of order 3. As a linear transformation on K 4 , each such complex reflection has a triple eigenvalue 1 and a single eigenvalue ω ±1 = 1 2
(−1 ± √ −3). The center of G 32 is isomorphic to the cyclic group Z/6. In our coordinates c 0 , c 1 , c 2 , c 3 , the elements of the center are scalar multiplications by 6th roots of unity. Therefore, this gives an action by G 32 /(Z/6) on the hyperplane arrangement G 32 in P 3 . In fact, we have
The linear map P 3 → P 39 , c → u, respects the isomorphism (3.10). The group acts on the c-coordinates by the reflections on K 4 , and it permutes the coordinates u ijk via its action on the lines through the origin in F 4 3 . Of course, the group PSp 4 (F 3 ) also permutes the 40 isotropic planes in P 39 , and this action is compatible with our monomial map P 39 P 39 .
Tropicalizing the Burkhardt Quartic
Our goal is to understand the relationship between classical and tropical moduli spaces for curves of genus two. To this end, in this section, we study the tropicalization of the Burkhardt quartic B. This is a 3-dimensional fan trop(B) in the tropical projective torus TP 39 . We shall see that the tropical compactification of B
• equals the Igusa compactification of A 3 (2). The variety B is the closure of the image of the composition P 3 → P 39 P 39 of the linear map given by the arrangement G 32 and the monomial map given by the 40×40 matrix A that records incidences of isotropic planes and lines in F of our tropical threefold as the image under A of the Bergman fan of the matroid of G 32 . By this we mean the unique coarsest fan structure on the tropical linear space given by the rank 4 matroid on the 40 hyperplanes of G 32 . This Bergman fan is simplicial, as suggested by the general theory of [5] . We computed its cones using the software TropLi due to Rincón [45] .
Lemma 4.1. The Bergman complex of the rank 4 matroid of the complex root system G 32 has 170 vertices, 1800 edges and 3360 triangles, so its Euler characteristic equals 1729. The rays and cones of the corresponding Bergman fan Berg(G 32 ) ⊂ TP 39 are described below.
The Euler characteristic is the Möbius number of the matroid, which can also be computed as the product of the exponents n i in [43, These correspond to the Hesse pencils in G 32 , and to the hyperplanes in F The 1800 edges of the Bergman complex come in five symmetry classes: there are 240 edges (aa) given by pairs of orthogonal lines, 360 edges (ab) given by lines in non-isotropic planes, 480 edges (aä) given by lines in hyperplanes, 360 edges (bä) given by non-isotropic planes in hyperplanes, and 360 edges (ab ⊥ ) obtained by dualizing the previous pairs (bä). Our calculations establish the following statement: Proposition 4.2. The Bergman complex coincides with the nested set complex for the matroid of G 32 . In particular, the tropical compactification of the complement of the hyperplane arrangement G 32 coincides with the wonderful compactification of de Concini-Procesi [18] .
See [24] for the relation between tropical compactifications and wonderful compactifications. We expect that Proposition 4.2 is true for any finite complex reflection group, but we have not made any attempts to prove this.
The wonderful compactification is obtained by blowing up the irreducible flats of lowest dimension, then blowing up the strict transforms of the irreducible flats of next lowest dimension, etc. In our case, the smallest irreducible flats are 40 points, corresponding to the Bergman rays (a) and to Family 6 in [29, Table 1 ]. This first blow-up P 3 is the closure of the graph of the map P Table 1 ]. After that, the only remaining irreducible flats are 40 hyperplanes, corresponding to the Bergman rays (ä) and to Family 2 in [29, Table 1 ]. Hence the wonderful compactification P 3 is obtained by blowing up these 90 P 1 's in P 3 . The 90 exceptional divisors of P 3 → P 3 get contracted to the 45 nodes of B, so we can lift the map P 3 → B to a map P 3 → B, where B denotes the blow-up of the Burkhardt quartic at its 45 singular points.
The hyperplane arrangement complement P 3 ∩G 39 m is naturally identified with the moduli space M 2 (3)
− of smooth genus 2 curves with level 3 structure and the choice of a Weierstrass point (or equivalently, the choice of an odd theta characteristic). See [9] for more about M 2 (3)
− . Hence we have the following commutative diagram
where the vertical maps are generically finite of degree 6, the right horizontal maps are blow-ups, and the moduli spaces M 2 (3) − and M 2 (3) are realized as very affine varieties. We now compute the tropical Burkhardt quartic (4.1), by applying the linear map A to the Bergman fan of G 32 . Note that the image lands in the tropicalization trop(T ) of the toric variety T ⊂ P 39 . We regard trop(T ) as a 24-dimensional linear subspace of TP 39 .
Theorem 4.3. The tropical Burkhardt quartic trop(B)
is the fan over a 2-dimensional simplicial complex with 85 vertices, 600 edges and 880 triangles. A census appears in Table 1 .
Proof. Given the G 32 -symmetry, the following properties of the map A can be verified on representatives of G 32 -orbits. We refer to such a pair of orthogonal non-isotropic planes as a plane pair. This explains the 85 rays of trop(B), namely, they are the 40 lines a and the 45 plane pairs {b, b ⊥ } in F ⊥ } we take the vector (4.3). This is the incidence vector of the zero coordinates in (3.4) , namely v = e 0 + e 1 + e 2 + e 3 + e 4 + e 5 + e 6 + e 13 + e 14 + e 15 + e 16 Sat of A 2 (3). The latter can be constructed as follows. Let B be the projective dual variety to B ⊂ P 4 . The canonical birational map B B is defined outside of the 45 nodes. Since B is a normal variety, this map factors through the normalization of B, which can be identified with A 2 (3)
Sat by [26, §4] . The closure of the graph of the birational map B A 2 (3) Sat is the blow-up of B at its indeterminacy locus, i.e., the 45 nodes. Using [52, Theorem 3.1], we may identify this with B. By symmetry, we could also view this as the closure of the image of the inverse birational map. This realizes B as a blow-up of A 2 (3)
Sat , and in particular, the map blows up the Satake boundary A 2 (3)
Sat \A 2 (3) which has 40 components all isomorphic to A 1 (3) Sat ∼ = P 1 .
Lemma 4.6. The moduli space A 2 (3) coincides with the partial compactification of M 2 (3) given by the 1-dimensional subfan of trop(B) that consists of the 45 rays of type (b).
Proof. Let M be the partial compactification in question. Let P 3 be the wonderful compactification for G 32 as described above. The preimage of the 45 rays of type (b) in Berg(G 32 ) consists of 90 rays, and the resulting partial tropical compactification P of P 3 \ (40 hyperplanes) is the complement of the strict transforms of the reflection hyperplanes in P 3 . In the map P → B, the 90 divisors are contracted to the 45 singular points (2 divisors to each point).
We have a map P → M which maps the 90 divisors of P to the 45 divisors of M , and hence the birational map M B (given by the identity map on M 2 (3)) extends to a regular map M → B which contracts the 45 divisors to the 45 singular points.
By the universal property of blow-ups, there exists a map M → B which takes each of the 45 divisors to one of the 45 exceptional divisors of the blow-up B → B. From our previous discussion, the image of the map P → B equals A 2 (3). Since this map factors through M , the image of the map M → B is also A 2 (3). This map has finite fibers: this just needs to be checked on the 45 divisors and we can reduce to considering the map P → B; in the map P 3 → B, the inverse image of an exceptional divisor is 2 disjoint copies of P 1 × P 1 and any surjective endomorphism of P 1 × P 1 has finite fibers. The map is birational and A 2 (3) is smooth, so, by Zariski's Main Theorem [41, §III.9] , the map is an isomorphism. From what we said above, the Satake boundary A 2 (3) Sat \A 2 (3) has 40 components all isomorphic to P 1 . Also, B\A 2 (3) consists of 40 divisors. Hence the map f contracts the 40 divisors to these P 1 's. By the universal property of blow-ups, there is a unique map f : B → B that commutes with the blow-up map. Thenf is birational and surjective. We know this map is an isomorphism on A 2 (3) and the complement of this open subset in both domain and target are a union of P 2 's. Any surjective endomorphism of P 2 has finite fibers, and hencef is an isomorphism by Zariski's Main Theorem [41, §III.9] since B is smooth.
Moduli of Genus Two Curves
The moduli space M tr g,n of tropical curves of genus g with n marked points is a stacky fan. This was shown by Brannetti, Melo and Viviani [11] and Chan [15] . This space was studied by many authors. See [12, 13] for some results. Here, a tropical curve is a triple (Γ, w, ) , where Γ = (V, E) is a connected graph, w is a weight function V → Z ≥0 , and is a length function E → R ≥0 . The genus of a tropical curve is the sum of weights of all vertices plus the genus of the graph Γ. In addition to identifications induced by graph automorphisms, two tropical curves are isomorphic if one can be obtained from another by a sequence of the following operations and their inverses:
• Removing a leaf of weight 0, together with the only edge connected to it.
• Removing a vertex of degree 2 of weight 0, and replacing the two edges connected to it with an edge whose length is the sum of the two old edges.
• Removing an edge of length 0, and combining the two vertices connected by that edge.
The weight of the new vertex is the sum of the two old vertices. In this way, every tropical curve of genus ≥ 2 is uniquely represented by a minimal skeleton, i.e., a tropical curve with no vertices of weight 0 of degree ≤ 2 or edges of length 0. The moduli space of tropical curves with a fixed combinatorial type (Γ, w) is R |E| >0 /Aut(Γ), where the coordinates of R |E| >0 are the lengths of the edges. The cones for all combinatorial types are glued together to form M tr g . The boundary of the cone of a combinatorial type (Γ, w) corresponds to tropical curves with at least one edge of length 0. Contracting that edge gives a combinatorial type (Γ , w ). Then, the cone for (Γ , w ) is glued along the boundary of the cone for (Γ, w) in the natural way. More generally, a tropical curve with marked points is defined similarly, but allowing rays connecting a vertex with leaves "at infinity".
The following construction maps curves over a valued field to tropical curves. It is fundamental for [3, 7] . Our description follows [54, Lemma -Definition 2.2.4]. Let R be a complete discrete valuation ring with maximal ideal m. Let K be its field of fractions, k = R/m its residue field, and t ∈ R a uniformizing parameter. Fix a genus g curve C with n marked points over K. The curve C is a morphism Spec K → M g,n . Since the stack M g,n is proper (i.e., by the stable reduction theorem), there is a finite extension K of K with discrete valuation ring R such that this morphism extends uniquely to a morphism Spec R → M g,n (we call this a stable model of C). Here we renormalize the valuation on R so that its value group is Z. Reducing modulo m gives us a point Spec k → M g,n . By definition, this is a stable curve C k over k. We remark that the stable model may not be unique, but the stable curve is unique. Since such a stable curve has at worst nodal singularities, we can construct a dual graph as follows. For each genus h component of C k , we draw a vertex of weight h. For each node of C k , we draw an edge between the two components that meet there (this might be a loop if the node comes from a self-intersection). If a component has a marked point, then we attach a vertex at infinity to that vertex. The stable condition translates to the fact that the dual graph is a minimal skeleton as above. Finally, each node, when considered as a point in C R , isétale locally of the form xy = t for some positive integer . We then assign the length /d to the corresponding edge, where d is the degree of the field extension K ⊂ K . In this way, we have defined a function
Here is a concrete illustration of this function for g = 0 and n = 4.
and consider the four points in P 1 K given by (1 : p(t)), (1 : q(t)), (1 : a), (1 : b) where a, b ∈ C are generic and val(p(t)), val(q(t)) > 0. Let x, y be the coordinates on P 1 . Naively, this gives us four points in P 1 R , but it is not a stable model since p(0) = q(0) = 0 and so two points coincide in the special fiber. The fix is to blow-up the arithmetic surface P 1 R at the ideal y − p(t)x, y − q(t)x . We embed this blow-up into P 1 R × R P 1 R , where the latter P 1 R has coordinates w, z, as the hypersurface given by w(y − q(t)x) = z(y − p(t)x). The special fiber is the nodal curve given by y(w − z) = 0. We wish to understand theétale local equation for the node cut out by y = w − z = 0. To do this, set x = z = 1 and consider the defining equation y(w − 1) + p(t) − q(t)w = 0. Now substitute w = w − 1 and y = y − q(t) to get y w + (p(t) − q(t)) = 0. Hence the dual curve is a line segment of length val(p(t) − q(t)) with both vertices having weight 0.
Evaluating the map (5.1) in general is a challenging computer algebra problem: how does one compute the metric graph from a smooth curve C that is given by explicit polynomial equations over K? This section represents a contribution to this problem for curves of genus 2. As a warm-up for our study of genus 2 curves, let us first consider the genus 1 case.
Example 5.2. An elliptic curve C can be defined by giving four points in P 1 . The curve is the double cover of P 1 branched at those four points. This gives us a map M 0,4 → M 1 , which is well-defined over our field K. The map is given explicitly by the following formula for the j-invariant of C in terms of the cross ratio λ of four ramification points (see [51, §3] ):
We now pass to the tropicalization by constructing a commutative square
The horizontal maps are instances of (5.1), and the left vertical map is (5.2). Our task is to define the right vertical map. The ingredients are the trees and tropical curves in Table 2 :
Tropical curve of genus 1 Tree with 4 leaves 1 A point in M tr 0,4 can be represented by a phylogenetic tree with taxa 1, 2, 3, 4. Writing ν ij for half the distance from leaf i to leaf j in that tree, the unique interior edge has length = max ν 12 + ν 34 − ν 14 − ν 23 , ν 13 + ν 24 − ν 12 − ν 34 , ν 14 + ν 23 − ν 13 − ν 24 .
Suppose we represent a point in M 0,4 by four scalars, x 1 , x 2 , x 3 , x 4 ∈ K, as in Example 5.1. Then its image in M tr 0,4 is the phylogenetic tree obtained by setting
The square (5.3) becomes commutative if the right vertical map takes trees with interior edge length > 0 to the cycle of length 2 , and it takes the star tree ( = 0) to the node marked 1. To see this, we recall that the tropical curve contains a cycle of length −val(j), where j is the j-invariant. This is a standard fact (see [7, §7] ) from the theory of elliptic curves over K. Suppose the four given points in P 1 are 0, 1, ∞, λ, and that λ and 0 are neighbors in the tree. This means val(λ) > 0. As desired, the length of our cycle is
The other case, when λ and 0 are not neighbors in the tree, follows from the fact that the rational function of λ in (5.2) is invariant under permuting the four ramification points. In this example, the one-dimensional fan M tr 0,4 serves as a moduli space for tropical elliptic curves. A variant where the fibers are elliptic normal curves is shown in Figure 2 . In both situations, all maximal cones correspond to elliptic curves over K with bad reduction.
Moving on to genus 2 curves, we shall now focus on the tropical spaces M (2) and (3), 105 = 60 + 45 two-dimensional cones of types (4) and (5), and 105 = 90 + 15 three-dimensional cones of types (6) and (7). The corresponding combinatorial types of trees are depicted in the last column of Table 3 . Table 3 shows that there is a combinatorial correspondence between the types of cones of the tropical Burkhardt quartic trop(B) in Table 1 and the types of cones in M tr 2 and M tr 0,6 . We seek to give a precise explanation of this correspondence in terms of algebraic geometry. At the moment we can carry this out for level 2 but we do not yet have a proof for level 3. The left vertical map sends 6 points in P 1 to the genus 2 hyperelliptic curve with these ramification points. The horizontal maps send a curve (with or without marked points) to its tropical curve (with or without leaves at infinity). The right vertical map is a morphism of generalized cone complexes relating the second and fourth columns of Table 3 .
(b) The top horizontal map can be described in an alternative way: under the embedding of M 0,6 into P 14 given by (2.2), take the valuations of the 15 coordinates m 0 , m 1 , . . . , m 14 .
Proof of Theorem 5.3. We start with (a). Let C be a genus 2 curve over K and let p 1 , . . . , p 6 ∈ P 1 K be the branch points of the double cover C → P 1 induced from the canonical divisor. Let R be a discrete valuation ring over which a stable model of both C and (P 1 , p 1 , . . . , p 6 ) can be defined and let k be its residue field. The fact that the combinatorial types of dual graphs for C and the marked curve (P 1 , p 1 , . . . , p 6 ) match up as in Table 3 is clear from the proof of [6, Corollary 2.5] which constructs the stable k-curve of C from that of (P 1 , p 1 , . . . , p 6 ). There is an obvious bijection of edges between the combinatorial types in all cases. We claim that the edge length coming from theétale neighborhood of nodal singularities is halved for curves of type (2) and is doubled for curves of type (3) from Table 3 : the description and proof for the other types can be reduced to these two cases.
First consider curves of type (3). Our stable genus 0 curve consists of the union of two P 1 's meeting in a point. One has 4 marked points and the other has 2 marked points. This arises from 6 distinct points in P 1 R such that exactly 2 of them coincide after passing to the residue field. To build a stable model (cf. Example 5.1), we blow up the point of intersection in the special fiber of P 1 R to get an arithmetic surfaceP R . Let E be the double cover of the first P 1 k along the 4 marked points, and let E be a copy of P 1 k mapping to the second P 1 k so that it is ramified over the 2 marked points. Over the point of intersection, both E and E are unramified, and we glue together the two preimages (there are two ways to do this, but the choice won't matter). Then E ∪ E is a semistable (but not stable) curve which is the special fiber of an admissible double cover C R →P R . Suppose that the node in the special fiber ofP R étale locally is xy = t . In a small neighborhood of this node, there are no ramification points. Thus, a small neighborhood of each of these two points of intersection in C R is isomorphic to a small neighborhood of the node inP R and henceétale locally look like xy = t . Finally, we have to contract E to a single point to get a stable curve. The result is that the two nodes become one whichétale locally looks like xy = t 2 . Now consider curves of type (2) . Use the notation from the previous case. The semistable model C R over Spec R has a hyperelliptic involution whose quotient is the union of two P 1 R 's. At the node of C R , which locally looks like R [[x, y]]/ xy − t m for some m, the involution negates x and y since it preserves the two components of C R . The ring of invariants is R [ [u, v] ]/ uv − t 2m where u=x 2 , v=y 2 . This is the local picture for the nodal genus 0 curve. The result above can also be deduced from Caporaso's general theory in [14, §2] . For a combinatorial illustration of type (6) see Chan's Figure 1 in [16] . The two leftmost and two rightmost edges in her upstairs graph have been contracted away. What is left is a "barbell" graph with five horizontal edges of lengths a, a, b, c, c, mapping harmonically to a downstairs graph of edge lengths a, 2b, c. Here we see both of the stretching factors represented in different parts of this harmonic morphism: a 2-edge cycle of total length a + a maps to an edge of length a, and a single edge of length b maps to an edge of length 2b downstairs. Now we consider (b). We need to argue that the internal edge lengths can be computed from the 15 quantities val(m i ), in a manner that is consistent with the description above. For genus 1 curves this is precisely the consistency between Examples 5.1 and 5.2. We explain this for the case of the snowflake tree (7) . Without loss of generality, we assume that {1, 2}, {3, 4} and {5, 6} are the neighbors on the tree. If ν ij is half the distance between leaves i and j, computed from the six points as in ( The edge lengths of the tropical curve are gotten by doubling these numbers.
At present we do not know the level 3 analogues to the stretching factors 1/2 and 2 we saw in the proof above. Such lattice issues will play a role for the natural map from the tropical Burkhardt quartic onto the tropical moduli space M tr 2 . We leave that for future research:
Conjecture 5.4. Let K be a complete nonarchimedean field. There is a commutative square
The left map is the forgetful map. The top map is taking valuations of the coordinates m 0 , . . . , m 39 . The bottom map sends a curve to its tropical curve. The right map is a morphism of (stacky) fans that takes the third column of Table 3 to the second column.
Here is one concrete way to evaluate the left vertical map M 2 (3) → M 2 over a field K. We can represent an element of M 2 (3) by a point (r : s 01 : s 10 : s 11 : s 12 ) ∈ P 
Marked Del Pezzo surfaces
This section is motivated by our desire to draw all combinatorial types of tropical cubic surfaces together with their 27 lines (trees). These surfaces arise in fibers of the map from a six-dimensional fan to a four-dimensional fan. These tropical moduli spaces were characterized by Hacking, Keel and Tevelev in [33] . We now rederive their fans from first principles. Consider a reflection arrangement of type E n for n = 6, 7. The complement of the hyperplanes is the moduli space of n points in P 2 in general position (no 2 coincide, no 3 are collinear, no 6 lie on a conic) together with a cuspidal cubic through these points (none of which is the cusp). For n = 6, there is a 1-dimensional family of such curves (this family is the parabolic curve in [17, Definition 3.2] ). For n = 7 there are 24 choices. We can use maps (1.3) that come from Macdonald representations to forget the data of the cuspidal cubic.
Consider the case n = 6. Six points on a cuspidal cubic in P 2 are represented by a matrix
The maximal minors of this 3 × 6-matrix are denoted
We also abbreviate the condition for the six points to lie on a conic: 
The reflection arrangement of type E 6 consists of the 36 = + 1 hyperplanes defined by the linear forms in the products above. We list the flats of this arrangement in Table 4 . The bold numbers indicate irreducible flats. Each flat corresponds to a root subsystem, but not conversely. Root subsystems that are not parabolic, such as A The Bergman fan of E 6 is the fan over the nested set complex [5] , a 4-dimensional simplicial complex whose vertices are the 750 = 36+120+270+45+216+27+36 irreducible flats.
We define the Yoshida variety Y to be the closure of the image of the rational map [33] ) from [42] . The situation is analogous to Theorem 4.7.
As defined, we consider trop(Y) only as a set, but there is a unique coarsest fan structure on this set. This was shown in [33] . It is the fan over a 3-dimensional simplicial complex that was described by Naruki [42] . We call them the Naruki fan and Naruki complex, respectively. The 76 = 36 + 40 vertices correspond to the two types of boundary divisors on Y 6 lc : the 36 divisors coming from the hyperplanes of E 6 (type a) and the 40 exceptional divisors of the blow-up (type b). The types of intersections of these divisors is given in [42, p.23] and is listed in lc . The polytope of the toric variety has 2232 facets. Its prime ideal is minimally generated by 8922 binomials, namely 120 of degree 3, 810 of degree 4, 2592 of degree 5, 2160 of degree 6, and 3240 of degree 8. These results, which mirror parts (b) and (d) in Proposition 3.1, were found using polymake [28] and gfan [37] . The prime ideal of Y is minimally generated by 30 of the binomial cubics together with 30 linear forms. A natural choice of such linear forms is described in [55, §3] . Then the Weyl group W (E 6 ) is the subgroup of GL 6 (F 2 ) that preserves this form. Using q(x), we define an orthogonal (in characteristic 2, this also means symplectic) form by x, y = q(x + y) − q(x) − q(y).
There is a natural bijection between the 36 positive roots of E 6 and the vectors x ∈ V with q(x) = 0. There are 120 planes W such that q(x) = 0 for all nonzero x ∈ W . These correspond to subsystems of type A 2 . The set of 120 planes breaks up into 40 triples of pairwise orthogonal planes. These 40 triples correspond to the subsystems of type A ×3 2 . We now come to the case n = 7. The Göpel variety G of [44] is the closed image of a map The linear map is given by the 63 hyperplanes in the reflection arrangement E 7 , and the monomial map by the 135 root subsystems of type A ×7 1 . The full list of all flats of the arrangement E 7 appears in [44, [46] . The following theorem answers our question. The Bergman fan of type E 7 has 6091 rays. They are listed in [44, Table 2 ]. The 6091 rays map into trop(G) as follows. Write F i for family i in [44, Finally, m sends F 26 to 0 (multiple of all 1's vector). The fan on the first 4 types of rays is the Sekiguchi fan as described in [33, §1.14] . The image of the Bergman fan of E 7 is a refinement of the Sekiguchi fan, as follows:
• Every ray in m(F 8 ) is uniquely the sum of a ray in m(F 2 ) and a ray in m(F 24 ). This is in the image of a cone of nested set type A 2 ⊂ A 6 .
• Every ray in m(F 9 ) is uniquely the sum of three rays in m(F 1 ). This is in the image of a cone of nested set type A We wish to explicitly determine this map on each cone of trop(G). The point is that all tropicalized generic del Pezzo surfaces of degree 3 appear in the fibers of (6.5), by the result about the universal family in [33, Theorem 1.2], and our Theorems 6.1 and 6.2. At infinity, such a del Pezzo surface is glued from 27 trees, which are exactly the tropical image of the 27 lines on a cubic surface over K. Each tree has 10 leaves, which come from the intersections of the 27 lines. Thus, each tree represents a point of M 0,10 (K). Thus tropicalized del Pezzo surfaces of degree 3 can be represented by a tree arrangement in the sense of [34, §4] .
One issue with the map (6.5) is that its zero fiber is 3-dimensional. Namely, it the union of tropicalizations of all constant coefficient cubic surfaces. The zero fiber has 27 rays, one for each line on the cubic surface, and 45 triangular cones, one for each triple of pairwise intersecting lines. This is the subtle issue of Eckhart points, addressed by [33, Theorem 1.19] . Cubic surfaces with Eckhart points are special, for they contribute to the points in the interior of the 45 triangular cones. Disallowing these removes the interiors of the triangular cones, and we are left with a balanced two-dimensional fan. This is the fan over a graph with 27 vertices and 135 edges, representing generic constant coefficient cubic surfaces.
In this section, we developed some tools for the classification of tropical cubic surfaces, namely as fibers of (6.5), but we did not actually carry out this classification. That problem will be solved in a forthcoming paper by Qingchun Ren, Kristin Shaw and Bernd Sturmfels.
